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Abstract 

We study the cosmology of a quintessence scalar field which is 
equivalent to a non-barotropic perfect fluid of constant pressure. The 
coincidence problem is alleviated by such a quintessence equation- 
of-state that interpolates between plateau of zero at large redshifts 
and plateau of minus one as the redshift approaches to zero. The 
quintessence field is neither a unified dark matter nor a mixture of 
cosmological constant and cold dark matter, because the quintessence 
density contrasts decay monotonously on sub-horizon scales and the 
squared sound speeds of quintessence perturbations do not vanish. 
What a role does the quintessence play is dynamic dark energy. Though 
the clustering of quintessence decays drastically, it could remarkably 
impact the growth rate of the density perturbations of non-relativistic 
matters at early stage. 
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1 Introduction 



Recent cosmic observations, including Type la Supernovae [TJ [2] , Large Scale 
Structure (LSS) [3j EJ EJ EJ |8] and Cosmic Microwave Background (CMB) 
QUI EEI1 EE] have independently indicated that the evolution of the universe 
is currently dominated by a homogeneously distributed cosmic fluid with neg- 
ative pressure, the so-called dark energy. The dark energy fills the universe 
making up of order 74% of its energy budget. The remaining energy fraction 
in the present universe is about 22% occupied by the pressureless cold dark 
matter and 4% occupied by baryons. Despite many years of research and 
much progress, the nature and the origin of dark energy does still remain as 
an open issue. 

Phenomenologically, the best candidate of dark energy that fits perfectly 
the observation data is the so-called cosmological constant (CC) A, intro- 
duced at first by Einstein in his gravitational field equations as a Lagrange 
multiplier ensuring the constancy of the 4- volume of the universe [T31 IT4] . 
However, CC explanation of dark energy encounters some fundamental ob- 
stacles in physics, in particular, the fine-tuning problem and the coincidence 
problem [15]. From the particle physics perspective, CC should be inter- 
preted as the density of vacuum energy. The physical CC should contains 
quantum corrections from the zero-point energies of matter fields, which is 
close to Planck density Mj, (M P = l/y/8-KG is the reduced Planck mass) 
in magnitude. What the fine-tuning problem has to face is the great dis- 
crepancy between the observed value of CC and its quantum correction, the 
former is only 10" 123 times in magnitude as the latter [161 El IIH1 HH1 120| [2Tj . 
Even if this fine-tuning problem could be evaded, the coincidence problem 
as to why both energy densities of the observed dark energy and the dark 
matter are of the same order at present epoch remains, due to the fact that 
CC is time independent and non-dynamical. 

The resolution of fine-tuning problem has probably to wait for the advent 
of a satisfied quantum theory of gravity in 4-dimensional spacetime. As a 
temporary expedient in cosmology community, the physical CC is assumed 
to vanish exactlj0 and it is conjectured that the dark energy which drives 
the late time cosmic accelerated expansion is dynamical. The observations 
actually say little about the evolution of the equation of state (EoS) of dark 

1 This assumption does actually prohibit the interpretation of CC as the energy den- 
sity of vacuum fields. CC does not fluctuate, but the vacuum fields fluctuate and their 
fluctuations couple universally to gravitation [22] . We thank B. Deiss for pointing it to us. 
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energy. Researchers have proposed lots of alternative models (see Reviews 
[231, \T5\ [21] and references therein) to explain the late time cosmic acceler- 
ation and alleviate the corresponding coincidence problem. The well-known 
Chaplygin gas model [25] and its generalizations, e.g., the models proposed 
in Refs. [261 123 [28] are among these approaches. 

The Chaplygin gas and its generalizations are of the so-called barotropic 
fluids whose pressure depends only upon the energy density [15] . What 
distinguishes them from other dynamic dark energy models is that, at back- 
ground level, they get rid of the coincidence problem by unifying the dark 
energy and dark matter into a single dark substance. The gas behaves as a 
pressureless matter for very large redshift, however, it becomes a CC as the 
redshift is small. Due to the non-vanishing squared speed of sound, unfortu- 
nately, the Chaplygin gas and its generalizations would have fatal flaws for 
explaining tiny but stable CMB anisotropics [291 [30]. It follows from Sand- 
vik's analysis in Ref. [30] that the unique reliable Chaplygin gas like model 
is the perfect fluid of constant pressure. That the pressure of a fluid is kept 
invariant makes the squared sound speed vanish identically, resulting in the 
disappearance of the embarrassed oscillation-instability issue in density per- 
turbations. The density contrasts of constant-pressure barotropic fluid decay 
monotonously during evolution, implying that the fluid does not unify the 
dark energy and cold dark matter into a single dark substance. It is merely 
a mixture of CC and a non-relativistic matter, and is equivalent to the stan- 
dard ACDM model to all orders in perturbation theory. Consequently, the 
coincidence problem remains. 

The fluid models provide at most some effective descriptions of the dy- 
namic dark energy. In view of the superstring/M-theory, a developing but 
promising candidate of quantum gravity, the realization of dark energy with 
some scalar fields is a more fundamental description than the perfect fluid 
models. The scalar fields are ubiquitous in superstring/M-theory, they arise 
naturally as dilaton or the compactification moduli. A scalar field with a 
canonical kinetic energy is dubbed quintessence [31], which is among the most 
studied candidates for dynamic dark energy. The quintessence typically in- 
volves a single scalar field with a particular self-interaction potential, allowing 
the vacuum energy to become dominant only recently. The quintessence po- 
tential has generally to be fine-tuned ad hoc to solve the coincidence problem. 
At background level, a quintessence field is generally equivalent to a perfect 
fluid whose EoS evolves from plus one at early times to approximately minus 
one at present epoch, with some unphysical ingredients introduced into the 
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description of the evolution of Universe. 

In this paper, we intend to study the cosmology of the quintessence coun- 
terpart of a perfect fluid of constant pressure. Different from Chaplygin gas 
like models, a quintessence field can not be viewed as a barotropic fluid in 
general [32J. Whether the quintessence field of constant pressure is equivalent 
to ACDM model or provides a unified description to dark energy and dark 
matter are open issues. Our main motivation in this paper is to establish 
a dynamic dark energy model with a quintessence scalar field whose EoS 
evolves from zero at early times to nearly minus one at present and potential 
is not required to be fine-tuned severely, so that the model is brought back to 
life in search of solutions of the coincidence problem. We also try to examine 
the possibility to build a unified description of dark energy and dark matter 
in such a scenario. It is shown that the constant pressure requirement enables 
the quintessence EoS interpolates between two plateaus, one corresponds to 
cold dark matter in the large redshift epoch, another to CC as the redshift 
comes near zero. The quintessence potential comes completely from the con- 
stant pressure assumption. It is factorized into the product of the squared 
Hubble rate and a dimensionless quantity, dubbed the reduced quintessence 
potential, which has also two plateaus so that the fine-tuning of the poten- 
tial is unnecessary. Our investigation in the linear perturbation theory shows 
that the squared sound speeds of quintessence perturbations oscillate around 
unity, and the corresponding density contrasts decay monotonously during 
evolution. We conclude that the quintessence field of constant pressure could 
only play the role of a dynamic dark energy, which is neither a unified dark 
matter nor a mixture of CC and some non-relativistic matter. 

Throughout the paper we adopt the Planck units c = K = Mp = 1. 



We begin with the assumption that at the background level our universe is 
described by a flat Robertson- Walker metric 



in which fills a mixture of a quintessence scalar (f>(t) and a perfect fluid. The 
quintessence field is described by Lagrangian 



2 Model 



ds 2 = -dt 2 + a 2 (t)dx 



(1) 



2 = -\%wr*-yW) 



(2) 
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but the extra fluid by its pressure Pf and energy density pf. There are several 
well-known candidates for such a cosmic fluid, e.g., radiation, baryonic dust, 
the cold dark matter (CDM), the cosmological constant A, or mixture of 
them. As usual, we use Uf to denote the EoS of this extra fluid, defined by 
ojf = Pf/pf. The quintessence EoS is similarly defined as = P^/p^, where 
P<t> — §0 2 — ^(0) and = ^4> 2 +V((f>) are respectively the pressure and energy 
density when the quintessence field is also viewed as a perfect fluid, ~ 1 
if kinetic term dominates while ~ — 1 if potential term dominates. If both 
kinetic and potential terms are almost equivalently important, ~ 0. It 
is also remarkably for the EoS of a quintessence field not to cross over the 
cosmological constant boundary uj cc = — 1 [231 E2 123] - 

In the flat Robertson- Walker background, Einstein's gravitational field 
equations become the so-called Friedmann equations: 

3H 2 = + V{(j>) + Pf (3) 

H = -\tf-\{l+Uf) Pf (4) 

where H = a/a is the Hubble's expansion rate of the universe for which we 
denote its present value as H . The extra fluid is assumed not to interact 
with the quintessence scalar field, pf + 3H(1 + Uf)pf = 0. Consequently, the 
consistency between two Friedmann equations requires that the evolution of 
the scalar field is subject to the following Klein-Gordon equation, 

+ 3#0 + V )<t> = (5) 

To be convenient, we will use the so-called efolding number = In a as the 
time variable from now on, — oo < N < +oo, and let A^ = represent the 
present epoch. A prime will represent a derivative with respect to N, unless 
otherwise specified. In terms of N, Eqs.®, (jlj) and (jSJ) are recast as: 

3 tf 2 = r(0) + Itfy 2 + P/ (6) 

(H 2 )' = -H 2 ^-{l+u f ) Pf (7) 

and 

H 2 <f>" + 

respectively. 
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V{(j>) + -(1 - Uf)p f 



0' + vm = 



(8) 



We want to study a quintessence model in this paper whose EoS inter- 
polates between the pressureless matter dominant epoch at large red shifts 
{z > lj§ and the dark energy dominant epoch at z ~ 0. The merits of 
such a model are as follows. Firstly, there are few unphysical ingredients 
of EoS different from u = 1/3,0 and u — — 1 involved in the alleviation of 
the coincidence problem by a quintessence field. Besides, the model provides 
the possibility to unify the dark energy and dark matter into a single dark 
substance, the so-called unified dark matter or quartessence [31]. To define 
the model, we assume that the quintessence potential V(4>) takes a factorized 
form, 

V{4>) = 3H 2 U(<P) (9) 

where the dimensionless quantity U(4>) is referred to as the reduced quintessence 
potential. With this assumption, we can translate Klein-Gordon equation ([8]) 
into, 



H 2 



[0' 2 - 6(1 - U - Of)] = (10) 



where Qj = pj/3H 2 is the reduced energy density of the extra fluid. The 
first Friedmann equation can equivalently be expressed as, 

\<p' 2 = 3(1 - u - a f ) (ii) 

In terms of Eq. ljTTI) . Klein-Gordon equation Eq. (|T0|) turns out to be an iden- 
tity. This is indeed the case. As we have explained, among the two Friedmann 
equations (Q, ([7]) and the Klein-Gordon equation ([8]), only two of them are 
independent. 

What looks fascinating here is that Eq. fllip is similar to the characteristic 
equation of an instanton in (1 + 1) Euclidean space if the potential U((f>) 
has more than one vacua [351 EE]. We want to know if the cosmological 
observations could put some restrictions on the possible forms of U(<f)). With 
U((f)), the energy density and pressure of the quintessence field are rewritten 
as, 

= H 2 Q<// 2 - 3Uj (12) 
P4> = H 2 Q<// 2 + 3U\ (13) 



2 The red-shift parameter z is defined as z = e — 1. Therefore, z > 1 corresponds to 
N < -0.693. 
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We can further simplify Eqs.f ll2j) and (TT5]) into: 



P4> = 3H 2 {1 - 0/) (14) 
Ptp = 3H 2 (1 - 2U - Q f ) (15) 

by exploiting Eq. ljTTj) . The cosmology of the model at the background level 
is determined completely by quintessence EoS and the effective EoS pa- 
rameter u c s = (P^ + Pf)/{p<j, + Pf) of the mixture fluid. Obviously, 

2U , s 

«* = i-Trn7 (16) 

and 

u; eff = 1 - 2U - (1 - w/)0/ (17) 

Provided uj e s\N^o < —1/3, the late-time accelerated expansion of our universe 
occurs. Therefore, the magnitude of the reduced quintessence potential at 
the present epoch must obey the inequality: | — |(1 — Uf)fi,f < U\n^o- 
For example, if the extra cosmic fluid is the non-relativistic matter, Uf ~ 0, 
ttf « 0.26, we have C/I^o > 0.54. 

The interpolation of between zero and minus one can be achieved if 
the reduced quintessence potential U(<f>) has at least two plateaus, one is 
at U ~ |[1 — (1 — Uf)Qf] for the large red-shift epoch and another is at 
U wl - |(1 — w/)0/ as the red-shift parameter z approaches to zero. To this 
end, the quintessence field under consideration is defined to have a vanishing 
adiabatic sound speed c^ ad = dP^/dp^. In other words, the pressure P^ is 
supposed not to change during the evolution of the universe. Keeping P^ 
invariant implies that, 

^ = 3^(1 + ^) (18) 

Obviously, the expected plateaus in the ~ iV curve are guaranteed by this 
condition, one is uo^ = and another is = — 1. Eq. (ll8j) can be translated 
into the definition equation for the reduced quintessence potential, 

U' + 3[(l -U)(l — 217) - (l-U + u f U)n f ] =0 (19) 

The quintessence field is expected to play the role of dark energy at low 
red shifts to excite the late time cosmic acceleration. The magnitude of the 
reduced potential U must be larger than |(1 — Qj) so that P^ < 0. For this 
scalar behaves as the pressureless non-relativistic matter at large red shifts, 
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the Hubble rate H have to ascend sharply with respect to the increase of the 
red-shift parameter. 

In the absence of the extra fluid, Qf — 0, Eq.f JT9|) can be solved analyti- 
cally, with a closed form solution given below: 



U(N) = 1 - a + ' 2 °- 1 \C (20) 
2 - 2a + (2a - l)e 3JV 



where a := U\n=o is an integration parameter which stands for the value of 
the reduced quintessence potential U((f>) at present. As pointed out previ- 
ously, a > 2/3. Because a ^ 0, we see that: 1/2 < U(N) < 1. 
Substitution of Eq.fl20]) into Eqs.flH) and (0) leads to, 



tanh 1 — , — tanh 



^2(1 - a) V 2{l 




a) + (2a - l)e 3N 



a 



(21) 
and 

H 2 = Hi [(2a - 1) + 2(1 - a)e~ 3N ] (22) 

To guarantee the positivity of H 2 during its evolution, 1/2 < a < lH. There- 
fore, the parameter a takes its value in the region 2/3 < a < 1. Combination 
of Eqs. (|2Tl) and (|22l) with Eq.([9]) enables us to express the quintessence po- 
tential as an explicit function of the scalar field itself. The result is, 

V(4>) = Y>(2a - 1) + (3 - 2a) cosh(v / 30) - 2^/2(1 -a) sinh(\/30) 

(23) 

There exist potentially three different interpretations of the quintessence 
field under consideration. The first possibility is simply to interpret it as a 
dynamic dark energy. Alternatively it could be interpreted as a unified dark 
matter (quartessence). With these two interpretations, the quintessence field 
is characterized by its energy density and pressure given below, 

P<t> = ?>Hl [(2a - 1) + 2(1 - a)e- 3N ] (24) 
P^ = -3Hl(2a- 1) (25) 



Though the pressure is a negative constant, the energy density inter- 



polates between that of a non-relativistic matter, ps w 6Hq(1 — a)e 3N , for 



3 When a = 1, the quintessence scalar field under consideration degenerates to the 
cosmological constant A = 3Hq. 
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N <^ 1 and that of a cosmological constant, p^ ~ 3Hl{2a — 1), for iV 3> 0. 
The evolution of quintessence EoS is found to be, 



(2a - l)e 3 Ar 
2(1 - a) + (2a - l)e 3 



«* = - »„ ::~r ^ (26) 



In Figure 1, we plot the evolution of Co>0 by choosing a = 0.87. As expected, 
Co>0 interpolates between minus one for N > 1 and zero for iV < — 2. 



0.2 r 




Figure 1: Evolution of EoS u;^ given in Eqs. (l26jl for parameters a = 0.87. 
As expected, two plateaus exist. One plateau corresponds to w^, ~ —1 for 
N > 1, another plateau corresponds to ~ for N < — 2. co^ crosses over 
the acceleration boundary —1/3 at iV w —0.37. 



The third possibility is to interpret the quintessence field under consider- 
ation as a mixture of CC and some non-relativistic matter, = pec + Pm- 
In this scenario, the dark energy is understood as a cosmological constant, 
Pec — —Pec — 3^ (2a — 1), but the non-relativistic matter is character- 
ized by pm = 6^(1 — a)e~ 3N and Pm = 0. The EoS parameters of two 
components are Ucc — ~ 1 an d = 0, respectively. Because of ucc — — 1) 
there is no interaction between the components. The quintessence EoS cu^, as 
given in Eq. (l26|) . should be understood as the effective EoS of such a mixture, 
uj^ = Licence + ^m^m = —^cci where the dimensionless energy densities 
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of the components are as follows, 



Q M (N) = 



(2a - 1) 



(2a - 1) + 2(1 - a)e~ m 

2(l-a)e- 3N 
(2a - 1) + 2(1 - a)e~ 3N 



(27) 
(28) 



Notice that f2 M (0) = 2(1 — a). Relying on the observational constraint 
^m(O) ~ 0.26, the best-fit value of the parameter a might be a ~ 0.87. With 
respect to such an interpretation, the quintessence model under consideration 
is merely a reformulation of the standard ACDM model. 

All of three interpretations of the quintessence field of a constant pres- 
sure appear to be plausible at the background level. They can, however, 
be distinguished from each other if we study the evolution of the matter 
perturbations. This will be addressed in the next section. 




Figure 2: Parameter space of a and . The solid black lines stand for the 

critical cases, from bottom to the top a = (1 — fi^)/2, a = 1 — £1^ and 

a — 1 — 1 2 respectively. The Dashed line corresponds to the acceleration 

boundary 6a — 4 + = 0. All of the parameters (Qj\a) in the region 

above this dashed line allow the existence of late time cosmic acceleration. 



When the contribution of the extra cosmic fluid is taken into account, 

n f = ^fie^fi^/) ( 29) 
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Eqs. and (fTTj) become, 



(H 2 )' + QH 2 (1 -U)- 3Hfaf(l - u f )e 



-3N(l+u f ) 



0' 2 = 6(1 -U)- m { P^e- 3N ^ 1+ ^ 



(30) 
(31) 



respectively, and the condition ( 1191) for preserving to be a constant during 
the evolution of the Universe is recast as: 



U' + 3 



(1 -[/)(!- 2U) - fi ( f 0) ^|(l - U + u f U)e- 3N( - l+ ^ 



7 #2 



(32) 



The closed-form solutions to Eqs. (l30l) . ( 13~TT) and (|32|) are not available in 
general. However, if the extra fluid is of extremely non-relativistic, Uf = 
0, these equations can be solved exactly. The corresponding solution is as 
follows: 



<f>(N) 



2(1 -a- Qf) 
2 - 2a - ttf 



tanh 1 



1 



2 - 2a - nf ] 



H 2 



Hi 



tanh 1 
(2a- 1 



2a 



nf + (2a-l + nf)e iN 



2 - 2a - n 



(o) 



)(0) 



U 



a - + (2a 



f 

+ (2-2a-^ 0) )e 
1 



-3N 



2 -2a- nf + (2a - 1 + l^ UJ )e 3 

where as before, a = U\n= . Substitution of Eqs. (l3"o"|) and (I2"9l into ffTB]) and 
(|T7|) leads to the following expressions of the quintessence EoS, 



)(°)\ 3N 



(33) 

(34) 
(35) 



(2a-l + nf ] )e m 



2(1 -a- nf ] ) + (2a - 1 + nf)e SN 



(36) 



and the effective EoS of the mixture, 



^cff 



(2a- 1 + nf)e 3N 



2 -2a- Qf ] + (2a - 1 + nf)e 3N 
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(37) 



Manifestly, < u; e ff. Eqs. (l3"4"|) . (I3"6"j) and (13"T|) implies that the behavior of 
the mixed quintessence field and the extra fluid is determined by two param- 
eters, i.e., the initial value of the reduced quintessence potential a and the 
initial dimensionless density of the extra fluid. The late time acceler- 
ated expansion occurs if these two parameters are subject to the inequality 
6a — 4 + 3fij°' ) > 0. In principle, a and are two free parameters, however, 
there exist three degenerate but important cases where they are dependent 
upon one another. The first case corresponds to a = (1 — ftl ° )/2, for which 
uifj, = u c fi = 0, both of the quintessence field and the extra fluid act as non- 
relativistic matters. In the second case, a = 1 — fi^ /2, u e g = —1, the 
mixture of the quintessence field and the extra fluid behaves as a CC. The 
third degenerate case is characterized by equations a = 1 — fi.f and = — 1, 
in which the quintessence field itself is nothing but a CC. It is conspicuous 
that the standard ACDM is recovered in the third case if we take the values 
of the two parameters as a ~ 0.74 and Qf ~ 0.26. 



fty, f> eff 
0.2 r 




Figure 3: Evolution of EoS u$ and w e fr versus iV = In a for parameters 
a = 0.76, ujf = and SVp ~ 0.22. The black curve stands for lo c q while 
the gray curve describes u^. Both curves interpolate between two plateaus 
of zero and of minus one. 



If the extra fluid is assumed to describe the cold dark matter, e.g., fl\ w 
0.22, a ~ 0.76, has remarkable differences from u c g. In particular, it is 
earlier for to cross the acceleration boundary of u = —1/3. If the extra 
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fluid is used to mimic all of the non-relativistic cosmic matter, i.e., the cold 
dark matter plus the baryonic dust, 0.26 and a ~ 0.74, u$ is almost 

the same as w e ff- In all cases, both oj<f> and u e s interpolate between two 
plateaus of zero and of minus one, so that the notorious coincidence problem 
with which the prototypic ACDM model is embarrassed is greatly alleviated 
in the quintessence model under consideration. The existence of plateaus 
in the u ~ iV curve implies that the severe fine-tuning of the parameters is 
unnecessary. 



3 perturbations 

Dark energy influences not only the expansion rate, it influences also the 
growth rate of matter perturbations. To clarify what the role does the 
quintessence field of constant pressure play during the evolution of the uni- 
verse, in this section we study the matter perturbations at the linear pertur- 
bation level. We start with the perturbed Robert son- Walker metric, 

ds 2 = -(1 + 2^)H~ 2 dN 2 + e 2N {l + 2$)5 ij dx i dx j (38) 

in Newtonian gauge and for convenience let us work out from beginning 
a single Fourier mode k so that the perturbed quantities $ = &(N)e th ' x , 
^ = fy(N)e lk ' x and so on. The perturbed energy- momentum tensor of the 
extra fluid is described by the perturbed energy density 8pf — — T£«, the 
perturbed pressure SPf = |<5T?,« and the velocity divergence Of defined 

by ikjST^ = —(1 + u>f)pf0f. For the quintessence field, these perturbed 
quantities read: 



= # 2 (0V - ^0' 2 ) + V :<p ip (39) 

5P^ = # 2 (0V - ^0' 2 ) - V> (40) 

°* = ^ ( 41 ) 

where A = He N /k, and (p := 5(f) denotes the field fluctuation. The pertur- 
bation equations for a perfect fluid with density contrast 5 X and velocity 
divergence 6x are: 

5' x = 3(oo x - c 2 x )5 x - (1 + u x )(0 x + 3$') (42) 



0' = 



1 - 6u x - 3u cS + 



2u', 



x 



l + u x 



+ X 



c x Sx 

1 + U) X 



(43) 
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where X is either or /, and c 2 x := 5Px/Spx the squared sound speed of 
fluid X. The evolution of Bardeen potentials $ and ^ is subject to Einstein's 
gravitational equations. The result is, 



$ = 3A 2 



In / tf / + i(i-n / )^ + *-<&' 



$' = * _ -A 2 

2 



(44) 

(45) 
(46) 



We assume that the extra fluid is of barotropic so that ljj = Uf(pf) and 
c 2 = dPf/dpj. The quintessence field, however, can not be regarded as a 
barotropic fluid in general. When X in Eqs. (1421) and (143p stands for the 
quintessence field of constant pressure, is given in Eq.( fl6l) . but the 



squared sound speed cr, does not coincide with its adiabatic counterpart 



ff 2 (0V - ^0' 2 ) - y> 
i/ 2 (0V -^0 /2 ) + K^ 



(47) 



In other words, c 2 depends on the detailed behavior of both perturbation 
and background quantities. There is no reason for c| vanishes identically. In 
fact, if we put ourselves in the quintessence rest frames, we have ip = and 
hence c 2 = 1. Without loss of generality, we assume c 2 ^ in the following. 
Eq.( l4"3]) for 9^ turns out to become an identity, but Eq. fiS]) for 5$ reduces to: 



3 + 



IT 



<ff + A- 2 + 



Vj 



H 2 



H 2 







where, 



V ,<t 



--H 2 0> 
2 y 

-- -H 2 (3 -2U-Qj 



(48) 

(49) 
(50) 



With respect to the observational constraints, the galaxy clustering on scales 
down to 10/i~ 1 Mpc requires the inequality k > 300i/o for the wave number of 
the perturbation modes. These modes are deep within the comoving horizon. 
Consequently, Eqs. fT42|) . fj4"3l for the extra fluid perturbations and Eq. fj4"8l) for 
the quintessence fluctuations should be solved in the sub-horizon limit, for 
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which A C 1. Let us consider temporarily the case of Qf = 0. Notice 
that $ ~ <ff{\ 2 ) and U ~ The terms related to $, $' and V^/H 2 

in Eq. lHHj) are negligible with respect to the term involved in A~ 2 . Because 
k ^> H on sub-horizon scales, the average of ip over many oscillations gives 
zero, (ip) ~ 0. Consequently, the velocity divergence 8^ of the quintessence 
mode oscillates around zero and its sound speed oscillates around (c 2 ) ~ 1. 
The vanishing of the average velocity divergence (6^) further implies the 
decoupling of Eq. (j4"2~]) from Eq. (l43|) for X = <ft. The former turns out to 
become a first-order differential equation of 5^ for k ^> He N : 

5; + 3(1 - u^Sf = (51) 

The solution of Eq.(|5"T]) is stable and scale independent, 



^(0)e- 3JV 
2(1 - a) + (2a - l)e 3 



6*W = XX T J L TT^v ( 52 ) 



Unfortunately, such a density contrast decays monotonically, its contribution 
to the galaxy clustering should be negligible. It is the same as the sub-horizon 
density contrasts of the barotropic fluid of constant pressure [30J. Therefore, 
the quintessence field of constant pressure does not unify the dark energy and 
cold dark matter into a single dark substance. Notice that the sound speed of 
the mixture of CC and some non-relativistic matter vanishes identically [15J. 
The non-vanishing average (c 2 ) ~ 1 which obviously mismatches this fact 
expels definitely the possibility to interpret the quintessence field of constant 
pressure as a mixture of CC and non-relativistic matters. The quintessence 
field of constant pressure describes only a dynamic dark energy. It clusters, 
but its clustering decays monotonously during the evolution and is therefore 
not directly responsible to the structure formation on large scales. What 
is in charge of the structure formation must have other candidates in the 
considered quintessence scenario. 

The cold dark matter which is believed to take charge of the structure 
formation can effectively be described as an extremely non-relativistic perfect 
fluid. We should take Qf 7^ and Uf = in our model building. In such 
a scenario, the extra fluid is a mixture of cold dark matter and baryons. 
Although the solution to Eq. (l48|) gives still a rapid (damped) oscillating 
field fluctuation ip around (ip) = on deep sub-horizon scales so that the 
quintessence density contrasts decay rapidly, the density contrasts of the 
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Figure 4: Evolution of field fluctuation ip. It is obtained from the numerical 
solution of Eq. (|48p for k = 300Hq. The other parameters are taken to be a = 
0.87 and fii = 0. The field fluctuation undergoes the damped oscillations 
around zero with a very high frequency. 



non-relativistic fluid grow stably. It follows from Eqs. (|42|) . fj4~3]) . ( 144|) . ( T4"5]) 
and (SED that, for fc > He N , 



where the fact 9^ ~ on deep sub-horizon scales has been made use of. 
Eq.( 153"j) . as expected, describes a decaying field density contrast 5^. Eq.( 154"j) . 
on the other hand, allows a growing density contrast 5f for matter pertur- 
bations. It follows from Eq. (l5"4"j) that the quintessence density contrast plays 
the role of an external source to the evolution of the density contrast of the 
non-relativistic fluid. If this external source is ignored, Eq.( l5~4"|) can approxi- 
mately be solved by a closed-form solution, 



5; + 3(1 - 0)4)64, = 

5" f + i(l - 3u eS )6' f - %6 f = 1(1 - n,)^ 



(53) 
(54) 
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and 2-F\(a, c; £) stands for the hypergeometric function. If a — 1 — , 
for which the quintessence field degenerates to a CC (thereby 5^ = 0), the 
solution given in Eq. (j55|) becomes of exact, 

r N n /l . 11 ae 3Ar \ 37V/2 /l 11 ae 3iV \ 

(57) 

The evolution of density contrast of non-relativistic matters in ACDM model 
is described by solution (|57[) for a ~ 0.74. If the external source term is 
taken into account, a closed-form solution to Eq. (|54p seems to be impossible. 
Nevertheless, the equation can be solved numerically if some appropriate 
initial conditions are assigned. The numerical solution of 5/ to Eq. (l54p for 
initial conditions <5/ 1 ^=-2 ~ 10~ 5 and <%|jv=-2 ~ 10~ 5 is plotted in Figure 5, 
where we have taken the values of the relevant parameters as a = 0.74 and 
ttf = 0.26. In the same figure we also plot the matter density contrast in 
ACDM model for comparison. The evolution of matter density contrasts in 
the two model does almost coincide with one another for iV > —3. When N < 
—3, the 5f decays monotonically in our model but the ACDM density contrast 
grows monotonically. This difference implies probably that the growth rates 
of the matter perturbations are different in two models. 

The growth rate of matter perturbation is defined as the ratio of the 
derivative of the matter density contrast with respect to enfolding time to 
matter density contrast itself, which reads / = S'f/5f in our model. In Figure 
6, we plot the evolution of the growth rate of matter perturbations in our 
model as well as its analogue in ACDM. Because the cosmological constant 
does not cluster, it has no influence on the evolution of matter perturbations, 
the growth rate of matter perturbations decays monotonically in the standard 
ACDM model. If the late time acceleration is motivated by some dynamic 
dark energy, e.g., the quintessence scalar field of constant pressure, the clus- 
tering of dark energy perturbations that is generally inevitable would affect 
the growth of matter perturbations. In the proposed scenario, although the 
quintessence density contrast does not take charge of the large scale struc- 
tures, it acts as an external driving force in the evolution equation f|54|) of 
matter density contrast. Such an influence results in a crest in f(N) curve 
at A" »s —3, as plotted in Figure 6. When A" < —3, the quintessence density 
contrast 5$ has a sufficient magnitude to accelerate the growth of matter 
perturbations. When A" > —3, the magnitude of 5$ drops effectively to zero 
and no longer provides robust driving force, so the growth rate of matter 
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Figure 5: Evolution of density contrast of matter perturbations on deep 
sub-horizon scales. The black curve describes the density contrast 5f as the 
numerical solution of Eq. (|54p for a = 0.74 and = 0.26. The gray curve 
describes the density contrast in the standard ACDM model. The two curves 
coincide with each other with a very high accuracy for iV > —3. 



perturbations decelerates. 

4 Conclusion 

In this paper we have studied the cosmology of a quintessence scalar field 
which can be viewed as a non-barotropic perfect fluid of constant pressure in 
linear perturbation theory. The assumption of constant pressure ensures the 
interpolation of the quintessence EoS between the plateau of zero at large 
red shifts and that of minus one at small red shifts. Not this characteristic 
alleviates greatly the coincidence problem only, it bring also few unphysi- 
cal ingredients into the description of evolution of universe. The potential 
of the quintessence field is determined completely from the requirement of 
constant pressure, which is unnecessary to be severely fine-tuned in the allevi- 
ation of coincidence problem. The adiabatic sound speed of the quintessence 
field vanishes, however, its physical sound speed depends upon the details of 
perturbations and equals approximately to unity for modes within the deep 
comoving horizon. The quintessence field does not unify the cold dark matter 
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Figure 6: Evolution of growth rates of matter perturbations in the model 
under consideration and in ACDM model. The black curve describes the 
growth rate of the density contrast 5/ in our model as the numerical solution 
of Eq. (154l for a = 0.74 and fi^ = 0.26. The gray curve is the growth rate 
of the matter density contrast in ACDM model. The two curves coincide for 
N > —3 but differ clearly from one another for N < —3. 



and dark energy into a single dark substance, it is also not a mixture of these 
two dark substances. What the role it really play during evolution is plausi- 
bly a dynamic dark energy that could cluster. This clustering is measured by 
a decaying density contrast. Though it is not responsible to the formation of 
large scale structure, the clustering of the quintessence perturbations impacts 
the developments of matter perturbations as an external driving force. 
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